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Coalescence and Anti-Coalescence Interference of Two-Photon Wavepacket in a Beam
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We study a general theory on the interference of two-photon wavepacket in a beam splitter (BS).
We find that the perfect coalescence interference requires a symmetric spectrum of two-photon
wavepacket which can be entangled or un-entangled. Furthermore, we introduce a two-photon
wavepacket with anti-symmetric spectrum, which is related with photon entanglement and shows a
perfect anti-coalescence effect. The theory present uniform and complete explanation to two-photon
interference.
PACS number(s): 42.50.Dv, 03.65.Bz, 42.50.Ar
The photon interference is one of the debated topics in the history of quantum physics. In classical regime, inter-
ference arises from coherent superposition of waves. In quantum systems, interference may involve in two conflictive
aspects, wave-like and particle-like, and it therefore contains deeper and comprehensive content. In principal, quantum
interference originates from indistinguishability. When two identical particles, physically separated, meat together,
they become indistinguishable and therefore the interference occurs. The first experimental observations of two-photon
interference in a beam splitter (BS) were reported in 80 decades of last century [1] [2]. The key of experiment is to
prepare two separated and identical photons, with the same frequency and polarization. This can be done by optical
parametric down-conversion (OPDC) of type I in a crystal, in which a pair of photons, signal and idle, are produced.
In the degenerate case, a pair of identical signal and idle photons incident into two ports of a 50/50 BS, no coincidence
count is found at output ports. This effect is called the photon coalescence interference. It is well known that, a
pair of photons in OPDC are entangled and shown peculiar quantum phenomena [3] such as ghost interference [4],
quantum eraser [5], quantum optical lithography [6] and quantum teleportation, [7] [8]etc. In an elaborate design
on two-photon interference experiment, contributed by Shih’s group [3] [9], the individual signal photon and the idle
photon are arranged out of their coherent range, but the interference is still observed. So they illustrated that the
photon entanglement plays an essential role in interference. A natural question is, can two un-entangled identical
photons show a coalescence interference?
Just recently, Santori et al [10] has demonstrated in their experiment, that indistinguishable single-photon pulses
emitted by a semiconductor quantum dot show a coalescence interference in a 50/50 beam splitter. If there is no
evidence to show these single-photon pulses are entangled, one should believe the positive answer to the question.
Theoretically, it has known that two identical photons in an ideal monochromatic frequency show a coalescence
interference in a 50/50 BS, whereas for two photons in different frequency, there is no interference, i. e. 50%
coincidence probability is measured. In any realistic regime, a finite frequency range for beams must be taken into
account. If two photons are distributed in a wider frequency range, can they show a perfect coalescence interference?
Moreover, is the photon entanglement necessary in this effect, and what role does it play? To answer these questions,
in this paper, we present a general theory for coalescence interference of a two photon wavepacket. We find that the
perfect coalescence interference requires a symmetric spectrum for two-photon wavepacket and photon entanglement
is not necessary. As for the un-entangled case, this condition means that two separate single-photon wavepackets must
be identical, no matter how wider of their spectra. Furthermore, if two-photon wavepacket has an anti-symmetric
spectrum, it exhibits a new interference effect, the anti-coalescence, in which the input state is trapped in BS. The
anti-coalescence is relevant to photon entanglement. The theory contributes uniform and complete understanding to
the previous experiments of two-photon interference.
For a lossless BS, the transform between the input and output field operators satisfies [11](
b1
b2
)
= S(θ, φτ , φρ)
(
a1
a2
)
=
(
eiφτ cos θ eiφρ sin θ
−e−iφρ sin θ e−iφτ cos θ
)(
a1
a2
)
, (1)
where ai and bi are the field annihilation operators for the input and output ports, respectively. The subscripts
i = 1, 2 symbolize the ports in different direction. It is necessary to note that the transform is valid only when two
input beams are in a same mode. Otherwise, one of the input ports must be in a vacuum state for this mode. The
transform of wavevectors in the S-picture corresponding to the operator transform (1) is written as |Ψ〉out = U |Ψ〉in
where U was shown in Ref. [11]. In this paper, we use a simpler method to evaluate output wavevector. It is a
duplicate of the similar method in a dynamic quantum system [12], if the evolution of operators has been known in
the H-picture, one may obtain the state evolution in the S-picture without solving the Scho¨dinger equation. Assume
the input state can be written as |Ψ〉in = f(a†1, a†2)|0〉, the output state is obtained as
1
|Ψ〉out = Uf(a†1, a†2)|0〉 = Uf(a†1, a†2)U−1U |0〉 = Uf(a†1, a†2)U−1|0〉 = f(Ua†1U−1, Ua†2U−1)|0〉 = f(b
†
1, b
†
2)|0〉, (2)
where b
†
i ≡ Ua†iU−1. Because bi = U−1aiU is known by Eq. (1), one may obtain its inverse transform as(
b1
b2
)
= S−1(θ, φτ , φρ)
(
a1
a2
)
= S(−θ,−φτ , φρ)
(
a1
a2
)
. (3)
A two-photon wavepacket is expressed as
|Φ2〉in =
∑
ω1,ω2
C(ω1, ω2)a
†
1(ω1)a
†
2(ω2)|0〉, (4)
where the modes a1 and a2 have the same polarization, but are physically separated for entering BS. C(ω1, ω2)
denotes a spectrum of two-photon wavepacket. To see it, let the field operator for mode i being E
(+)
i (z, t) ≡∑
ω ai(ω) exp[iω(z/c− t)], we may calculate the two-photon wavepacket for state (4) as
〈0|E(+)1 (z1, t1)E(+)2 (z2, t2)|Φ2〉 =
∑
ω1,ω2
C(ω1, ω2)e
iω1(z1/c−t1)eiω2(z2/c−t2) ≡ C˜(z1/c− t1, z2/c− t2). (5)
If C(ω1, ω2) = C1(ω1)C2(ω2), the two-photon wavepacket consists of two separable single-photon wavepackets
〈0|E(+)1 (z1, t1)E(+)2 (z2, t2)|Φ2〉 =
∑
ω1,ω2
C1(ω1)C2(ω2)e
iω1(z1/c−t1)eiω2(z2/c−t2) ≡ C˜1(z1/c− t1)C˜2(z2/c− t2). (6)
Thus, the two-photon state |Φ2〉 is un-entangled.
By using Eqs. (2) and (3), for the input state |Φ2〉in, the output state of BS is obtained as
|Φ2〉out =
∑
ω1,ω2
C(ω1, ω2)b
†
1(ω1)b
†
2(ω2)|0〉 (7)
=
∑
ω1,ω2
C(ω1, ω2)[a
†
1(ω1)e
iφτ cos θ − a†2(ω1)e−iφρ sin θ][a†1(ω2)eiφρ sin θ + a†2(ω2)e−iφτ cos θ]|0〉
=
∑
ω1,ω2
C(ω1, ω2){[a†1(ω1)a†1(ω2)eiφ − a†2(ω1)a†2(ω2)e−iφ] cos θ sin θ
+[a†1(ω1)a
†
2(ω2) cos
2 θ − a†2(ω1)a†1(ω2) sin2 θ]}|0〉,
where φ = φτ + φρ. It shows the output consists of four states which are illustrate in the first line of Fig. 1. Because
the summation is taken over the whole frequency space, there are also other four states, by exchanging ω1 and ω2, as
shown in the second line of Fig. 1. The states in each column of Fig. 1 are indistinguishable and should put together.
Therefore, we take
∑
ω1,ω2
=
∑
ω1<ω2
+
∑
ω1=ω2
+
∑
ω1>ω2
, and then exchange the variables ω1 and ω2 in the last
summation, Eq. (7) is written as
|Φ2〉out =
∑
ω1<ω2
{[C(ω1, ω2) + C(ω2, ω1)][a†1(ω1)a†1(ω2)eiφ − a†2(ω1)a†2(ω2)e−iφ] cos θ sin θ (8)
+[C(ω1, ω2) cos
2 θ − C(ω2, ω1) sin2 θ]a†1(ω1)a†2(ω2)
+[C(ω2, ω1) cos
2 θ − C(ω1, ω2) sin2 θ]a†1(ω2)a†2(ω1)}|0〉
+
∑
ω
C(ω, ω){[(a†1(ω))2eiφ − (a†2(ω))2e−iφ] cos θ sin θ + (cos2 θ − sin2 θ)a†1(ω)a†2(ω)}|0〉.
For a 50/50 BS, Eq. (8) is reduced as
|Φ2〉out = (1/
√
2)
∑
ω1<ω2
{[C(ω1, ω2) + C(ω2, ω1)][|1(ω1), 1(ω2); 0〉eiφ − |0; 1(ω1), 1(ω2)〉e−iφ]/
√
2 (9)
+[C(ω1, ω2)− C(ω2, ω1)][|1(ω1); 1(ω2)〉 − |1(ω2); 1(ω1)〉]/
√
2}
+
∑
ω
C(ω, ω)[|2(ω); 0〉eiφ − |0; 2(ω)〉e−iφ]/
√
2.
2
In the braket, the left part of the semicolon describes the photon state in one output port, whereas the right part,
the photon state in another output port. 1(ω) and 2(ω) define respectively one-photon and two-photon Fock states
with a frequency ω. In Eq. (9), the first and last terms describe photon coalescence, whereas the second term
describes photon anti-coalescence resulting in ”click-click” in a coincidence measurement. Two manners of photon
interference depend on the symmetry of two-photon spectrum. If a two-photon wavepacket has a symmetric spectrum
C(ω1, ω2) = C(ω2, ω1) in whole frequency space, the second term vanishes and a perfect coalescence interference
occurs. A symmetric spectrum can be acquired in both entangled and un-entangled two-photon wavepacket. In the
un-entangled case, the symmetric spectrum C1(ω1)C2(ω2) = C2(ω1)C1(ω2) implies C1(ω1)/C2(ω1) independent of
frequency, and hence, the two single-photon wavepackets must be identical C1(ω) = C2(ω).
Another manner of two-photon interference is just opposite of coalescence interference: two photons never go
together and cause a definite click-click coincidence. We call it the anti-coalescence interference. It happens when
two-photon spectrum is anti-symmetric C(ω1, ω2) = −C(ω2, ω1) in whole frequency space, and, obviously, it also
satisfies C(ω, ω) ≡ 0. In this case, photon coalescence cancels exactly and the output state (9) is reduced to
|Φ2〉out =
∑
ω1<ω2
C(ω1, ω2)[a
†
1(ω1)a
†
2(ω2)− a†1(ω2)a†2(ω1)]|0〉 (10)
=
∑
ω1<ω2
C(ω1, ω2)a
†
1(ω1)a
†
2(ω2)|0〉 −
∑
ω2<ω1
C(ω2, ω1)a
†
1(ω1)a
†
2(ω2)]|0〉
=
∑
ω1,ω2
C(ω1, ω2)a
†
1(ω1)a
†
2(ω2)|0〉 = |Φ2〉in.
It means that an anti-symmetric two-photon wavepacket is invariant under the 50/50 BS transform. We see again an
interesting example of quantum destructive interference — all interactions are cancelled each with other exactly and
quantum state is trapped. This phenomenon is really surprise since two-photon anti-symmetric spectrum has the same
power spectrum as the symmetric one. Out off phase with exchange of ω1 and ω2 in a two-photon spectrum makes two
identical single-photon wavepackets ”do not know each other completely”. Physically, two identical photons never do
anti-coalescence interference. As a matter of fact, in a two-photon wavepacket with an anti-symmetric spectrum, there
is no any pair of identical photons because of C(ω, ω) ≡ 0. Therefore, anti-coalescence is an interference effect based
on two different photons. However, the important fact is that it is impossible to realize an anti-symmetric wavepacket
for any un-entangled two-photon state. Since, in the anti-symmetric case, C1(ω1)C2(ω2) = −C2(ω1)C1(ω2) should
be valid also for ω1 = ω2 = ω, it gives C1(ω)C2(ω) = 0. So the anti-coalescence effect relies definitely on photon
entanglement. A well-known example of anti-symmetric two-photon state is the anti-symmetric Bell state, which can
be expressed as C(ω1, ω2) = [δ(ω1 − Ω1)δ(ω2 − Ω2) − δ(ω1 − Ω2)δ(ω2 − Ω1)]/
√
2. Because of the trapping effect,
any two-photon state with an anti-symmetric spectrum is the eigenstate in a 50/50 BS transform with the unity
eigenvalue. This feature has been applied in teleportation scheme [7]. The anti-coalescence effect was observed in
experiments [5] [9], in which, instead of dip, an peak appears in a coincidence measurement.
In a general case, we may evaluate the click-click probability as
P = (1/2)
∑
ω1<ω2
|C(ω1, ω2)− C(ω2, ω1)|2 = (1/2)
∫ ∞
−∞
dω1
∫ ∞
−ω1
dω2|C(ω1, ω2)− C(ω2, ω1)|2. (11)
P < 1/2 (P > 1/2) denotes a coalescence (anti-coalescence) interference. Because the integrand is a symmetric
function with exchange ω1 and ω2, and vanishes at ω1 = ω2, the above integration can be written as
P = (1/4)
∫ ∞
−∞
dω1
∫ ∞
−∞
dω2|C(ω1, ω2)− C(ω2, ω1)|2. (12)
Now we discuss coherent range of coalescence interference. Assume a spectrum C(ω1, ω2) being symmetric, we add
some phase shifts on both beams. According to Eq. (6), the new spectrum is then C(ω1, ω2)e
i(ω1z1/c+ω2z2/c) which is
asymmetric if z1 6= z2. The click-click probability is obtained as
P = (1/2)
∫ ∞
−∞
dω1
∫ ∞
−∞
dω2|C(ω1, ω2)|2{1− cos[(ω1 − ω2)∆z/c]} (13)
= (1/2){1−
∫ ∞
−∞
dω1
∫ ∞
−∞
dω2|C(ω1, ω2)|2 cos[(ω1 − ω2)∆z/c]},
where ∆z = z1 − z2. Consider a two-photon wavepacket with a symmetric spectrum as
3
C(ω1, ω2) = g(ω1 + ω2)e
−[(ω1−Ω)
2+(ω2−Ω)
2]/(2σ2), (14)
where the exponential function describes two single-photon spectra with the same bandwidth σ, and Ω is their identical
centre frequency. g(ω1+ω2) may describe two-photon entanglement. For example, it can be a Gaussian type in OPDC
of type I [13]. If g(ω1+ω2) is a constant, Eq. (14) reduces to an un-entangled two-photon wavepacket which spectrum
has been shown in Fig. 2a. Substituting Eq. (14) into Eq. (13), one obtains
P = (1/2)(1− e− 12 (σ∆z/c)2). (15)
This equation displays the famous dip observed in the experiments of two-photon interference. A perfect coalescence
exists at ∆z = 0, no matter how wider the spectrum is. The width of the dip w = c/σ indicates a coherent length
of single-photon. Note that the maximum coincidence probability in Eq. (15) is one half showing no interference.
However, this is an uniform result for both entangled and un-entangled two-photon wavepacket, since the coincidence
probability does not depend on idiographic form of function g. This conforms the previous prediction — the entan-
glement is not a necessary condition for coalescence interference. The key point is that one needs to create a pair of
identical single-photon wavepacket, the same centre frequency and the same bandwidth.
To show an anti-coalescence effect, we study again the previous model in Ref. ?? by this theory. In OPDC of type
I, it has g(ω1 + ω2) ∼ e−(ω1+ω2−2Ω)
2/(2σ2p) where σp is the bandwidth of the pump beam [13]. In Ref. [9], the signal
beam was managed in both a short and a long paths, so that the state entering BS is a coherent superposition of the
states for these two paths Ls and Ll
C(ω1, ω2) = Ae
−(ω1+ω2−2Ω)
2/(2σ2p)e−[(ω1−Ω)
2+(ω2−Ω)
2]/(2σ2)(1/2){ei(ω1Ls+ω2z2)/c + ei(ω1Ll+ω2z2)/c} (16)
= Ae−(ω1+ω2−2Ω)
2/(2σ2p)e−[(ω1−Ω)
2+(ω2−Ω)
2]/(2σ2)ei(ω1z1+ω2z2)/c cos(ω1∆L/c),
where ∆L = (Ll−Ls)/2; z1 = (Ll+Ls)/2 is the average path of the signal beam, and z2 is the path of the idle beam.
We calculate the exact coincidence probability for two-photon spectrum (16) and obtain
P =
1
2
{1− 1
2B
[cos(
4pi∆L
λ
)e
− 1
2
[ β
2
2+β2
∆L2+∆z2](σ
c
)2
+
1
2
e−
1
2
(∆L+∆z)2(σ
c
)2 +
1
2
e−
1
2
(∆L−∆z)2(σ
c
)2 ]}, (17)
B =
1
2
[1 + cos(
4pi∆L
λ
)e
− 1
4
1+β2
2+β2
∆L2(σ
c
)2
],
where β ≡ σp/σ, and λ = 2pic/Ω is the wavelength of the signal beam. In the case the path difference is much larger
than the coherent length of the single-photon, ∆L >> c/σ, one has B → 1/2. However, by taking into account
β << 1, Eq. (17) is reduced as
P =
1
2
{1− cos(4pi∆L
λ
)e−
1
2
∆z2(σ
c
)2 − 1
2
e−
1
2
(∆L+∆z)2(σ
c
)2 − 1
2
e−
1
2
(∆L−∆z)2(σ
c
)2 ]}. (18)
This is exactly the result as in Ref. [9]. If one sets 4∆L/λ = 1, 3, 5, · · ·, one obtains the peak (P → 1) at ∆z = 0.
We assume, in an ideal case, the pump beam has an infinitesimal bandwidth, so that the two-photon wavepacket
can be written as
C(ω1, ω2) = Aδ(ω1 + ω2 − 2Ω)e−[(ω1−Ω)
2+(ω2−Ω)
2]/(2σ2) cos(ω1∆L/c) (19)
= Aδ(ν1 + ν2)e
−(ν21+ν
2
2 )/(2σ
2)
{
cos(ν1∆L/c) for 4∆L/λ = 0, 2, 4, · · ·
sin(ν1∆L/c) for 4∆L/λ = 1, 3, 5, · · · ,
where νi = ωi − Ω. Because δ(ν1 + ν2) implies ν1 = −ν2, the symmetric and the anti-symmetric spectra correspond
to the forms of cosine and sine, as shown in Fig 2b and 2c, respectively. Obviously, there is no degenerate photons
(ν1 = ν2 = 0) in the anti-symmetric wavepacket.
In conclusion, we demonstrate that, in a general theory, the symmetry of two-photon spectrum dominates coales-
cence and anti-coalescence interferences. The theory clarifies debatable aspect in two photon interference. The photon
entanglement is not a precondition for coalescence interference and two un-entangled single-photon wavepackets can
interfere in a BS provided their spectra are identical. The new interference effects, anti-coalescence and trapped
two-photon wavepacket, are brought forward and noteworthy owing to their relation with photon entanglement. Co-
alescence and anti-coalescence effects can be understood as indistinguishability of two two-photon states and their
constructive or destructive coherence. The couple of two-photon states, forming the symmetric (anti-symmetric)
Bell-type combination in the input, contributes to coalescence (anti-coalescence) interference. However, in the degen-
erate case, the coalescence interference of two identical photons is the result of cancellation of two anti-coalescence
4
two-photon states. In this sense, two-photon interference does not conflict with Dirac’s famous statement ”...photon...
only interferes with itself. Interference between two different photons never occurs”. What leaves over is the amazing
quantum nature: in two-photon wavepacket with symmetry, both entangled and un-entangled, the two-photon state
a†1(ω1)a
†
2(ω2)|0〉 coalesces with a†1(ω2)a†2(ω1)|0〉 automatically, resulting in perfect interference.
This research is founded by the National Fundamental Research Program of China with No. 2001CB309310, and
the National Natural Science Foundation of China, Project Nos. 60278021 and 10074008.
[1] C. K. Hong, Z. Y. Ou, and L. Mandel, Phys. Rev. Lett., 59, 2044 (1987).
[2] C. O. Alley and Y. H. Shih, Proceeding of the second international symposium on foundations of quantum mechanics in
the light of new technology, ed. M. Namiki, (1986); Y. H. Shih and C. O. Alley, Phys Rev. Lett. 61, 2921, (1988).
[3] Y. H. Shih, Ann. Phys., 20, 45 (2001).
[4] D. V. Strekalov, A. V. Sergienko, D. N. Klyshko, and Y. H. Shih, Phys. Rev. Lett., 74, 3600 (1995).
[5] P. G. Kwiat, A. M. Steinberg, and R. Y. Chiao, Phys. Rev. A 45, 7729 (1992).
[6] M. D’Angelo, M. V. Chekhova, and Y. H. Shih, Phys. Rev. Lett., 87, 013602 (2001).
[7] D. Bouwmeester, et al, Nature, 390, 575 (1997).
[8] Y-H. Kim, S. P. Kulik, and Y. H. Shih, Phys. Rev. Lett., 86, 1370 (2001).
[9] D. V. Strekalov, T. B. Pittman, and Y. H. Shih, Phys. Rev. A 57, 567 (1998).
[10] C. Santori, D. Fattal, J. Vuckovic, G. S. Solomon, and Y. Yamamoto, Nature, 419, 594 (2002).
[11] R. A. Campos, B. E. A. Saleh, and M. C. Teich, Phys. Rev. A 40, 1371 (1989).
[12] Kaige Wang and Shiyao Zhu, Eur. Phys. J. D. 20, 281 (2002).
[13] T. E. Keller and M. H. Rubin, Phys. Rev. A 56, 1534 (1997).
Captions of figures:
Fig. 1 Scheme of two-photon states produced in beam splitter.
Fig. 2 Two-photon wavepackets for (a) un-entangled state, (b) entangled state with a symmetric spectrum and (c)
entangled state with an anti-symmetric spectrum. The peaks correspond to the centre carrier frequency Ω.
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